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Study of randomly excited dynamical systems such as random vibrations often leads to infinite hierarchies for relevant
probabilistic characteristics (e.g., moments). In practice, to solve the arising hierarchy one usually transforms it into a finite
system of equations by applying a so-called closure procedure. Such procedures are not always justified and sometimes
generate physically inconsistent solutions to the resulting finite systems.

In an interesting recent article [1], Grigoriu considered some closure procedures for infinite moment hierarchy of the
overdamped nonlinear oscillator

dXðtÞ ¼ ðaXðtÞ þ bX3ðtÞÞdt þ sdwðtÞ; t � 0; ð1Þ

where a and s are real numbers, b is negative, and wðtÞ is a standard Wiener process. The main finding of [1] is somewhat
unexpected: ‘‘the performance of closure methods is determined by the structure of the moment equations rather than the
way in which the infinite hierarchy of moment equations are closed, that is the particular closure method used for
solution’’.

In this letter we present a mathematical explanation to the numerical results in [1], namely, we give an elementary
proof of the non-uniqueness of solution to the moment hierarchy associated with (1). More precisely, we show that this
hierarchy has infinitely many solutions with at least one being physically inconsistent.

It is well known that the solution XðtÞ to Eq. (1) has the following stationary density:
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so that all odd moments of XðtÞ vanish. The corresponding even moments,

m2kða;b;sÞ ¼
Z 1
1

x2kf ðxÞdx; k 2 N; ð3Þ

satisfy the following hierarchy [1], which can be easily obtained integrating by parts in (3):

ay2ða;b;sÞ � y4ða;b;sÞ þ b ¼ 0;
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ay2kða;b;sÞ � y2kþ2ða;b;sÞ þ ð2k� 1Þb y2k�2ða;b;sÞ ¼ 0; kZ2; ð4Þ

where we write a ¼ �a=b and b ¼ �s2=ð2bÞ.
Is the moment sequence (3) a unique solution to this hierarchy? The answer is negative. Indeed, one can easily verify

that together with the sequence m2kða;b;sÞ, k 2 N, the sequence

ð�1Þkm2kð�a;b;sÞ; k 2 N; ð5Þ

also satisfies the hierarchy (4). The sequence (5) gives a physically inconsistent solution because it has both positive and
negative elements. Moreover, one can easily check that if sequences yð1Þ2k and yð2Þ2k satisfy this hierarchy, then the sequence
ðyð1Þ2k þ yð2Þ2k Þ=2 also solves (4). If yð1Þ2k ¼ m2kða;b;sÞ and yð2Þ2k ¼ ð�1Þkm2kð�a;b;sÞ, then ðyð1Þ2k þ yð2Þ2k Þ=2 gives the third solution.
Continuation of this procedure leads to infinitely many solutions of the hierarchy.

To solve the infinite hierarchy (4), Grigoriu [1] used a closure procedure based on the relation

y2nþ2ða;b;sÞ ¼ gy2nða;b;sÞ; g40; ð6Þ

introduced in the n th equation of the hierarchy. We investigated numerically the resulting finite system using Mathematica

using the same values of parameters a, b and s as in [1].
For a ¼ �1, b ¼ �1 and s ¼ 1 (single well potential case) the numerical value of the second moment m2 is about

0.289602. The same value can be obtained by solving the finite linear system closed at n ¼ 75 and g ¼ 5, with exactly the
same value obtained for the closure index n ¼ 150.

On the other hand, for a ¼ 1, b ¼ �1 and s ¼ 1 (double well potential case) the numerical value of the second moment
m2 is about 0.893465. However, solving the finite linear system closed at n ¼ 70 and g ¼ 5 we obtain a physically
inconsistent value �0:289602 (and exactly the same value is obtained for the closure index n ¼ 140).

Our numerical results suggest that the closure procedure (6) from [1] gives physically consistent solution (3) in the
single well potential case and physically inconsistent solution (5) in the double well potential case.

Having conducted similar numerical experiments using the cumulant-neglect closure method and the high-level
Gaussian closure procedure, we obtained analogous results; namely, in the single well potential case a physically consistent
solution was obtained, whereas the double well potential case resulted in a physically inconsistent one.

We hope that this comment clarifies some obscurities in application of closure procedures to more complicated
nonlinear stochastic systems as in [2,3]. However, the question of finding a closure procedure leading to physically
consistent solutions for systems with double well potentials remains open.
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